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Abstract-Approximating the elliptic wave equation by a parabolic equation (PE) allows 
a rapid computation of the wave field for a large class of wave propagation problems 
involving range-dependent environments. We extend the utility of this method to include 
the capability of accurately treating the wave field at the interface between differing media 
such as occur in the ocean. Interface conditions are developed to handle the irregular 
boundary between media having different sound speeds and densities. The interface 
conditions are then incorporated in an implicit finite-difference solution of the PE, 
resulting in an ocean acoustic mode1 that accurately represents the wave field at the 
interface. A complete mathematical development is presented, and the validity of the 
model established. To further verify the model, numerical results are obtained for an ocean 
environment in which multiple layered media, having irregular interfaces, occur. 
1. INTRODUCTION 
In the ocean, temperature, salinity and pressure affect the sound-speed and density structure 
of the water mass, creating a layered medium. The sediments that compose the ocean floor 
are also layered due to the periodic deposition of sedimentary material. These phenomena 
stratify the ocean environment into a layered medium, thus, forming interfaces. At each 
interface, “continuity conditions” hold; the pressure and normal component of particle 
velocity are continuous at the interface. 
Many mathematical models exist to solve the wave equation in a uniformly stratified 
medium [l]. These models have been applied with success to predict acoustic propagation in 
ocean environments in which the sound speed and density are functions of depth only. 
Tappert [2] approximated the elliptic wave equation by a parabolic equation (PE) to obtain 
numerical solutions for the wave field in a realistic ocean environment where the layer depths 
and physical characteristics are dependent on range as well as depth. Tappert’s model has 
since been used by underwater acousticians for a variety of applications. The utility of this 
mode1 has been limited, however, because it does not permit an accurate computation of the 
wave field at interfaces between media differing in density. In this paper, a mathematical 
model of wave propagation in a range-dependent environment is developed that fully models 
the wave field at interfaces. 
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We first present the general physical and mathematical background for the underwater 
acoustic propagation problem and then derive the wave equation (PE) to which we seek 
solutions. Interface conditions applicable to the parabolic wave equation are derived that 
preserve both continuity of pressure and continuity of the component of particle velocity 
normal to the interface. These conditions fulfill the necessary physical requirements. We treat 
the case of an irregular interface, and results for the horizontal interface are included as a 
special case. 
To obtain representations of the wave field on the interface, we use a method developed 
by Carnahan et al. [3] to handle horizontal interface conditions (continuity of conductivity 
and diffusitivity) for the heat-transfer problem. Carnahan’s basic approach is extended to 
treat irregular interface conditions for the parabolic wave equation. Specifically, a 
finite-difference technique is used to match interface conditions at an irregular boundary 
between two different media. This procedure results in a finite-difference approximation to 
the parabolic wave equation that holds on the interface. Moreover, this finite-difference 
interface equation is compatible with an implicit finite-difference (IFD) solution [4] of the 
parabolic wave equation. To complete the formulation of our wave propagation model, the 
interface wave field representation is embedded in the IFD model. The validity of this 
mathematical model is then analyzed: the local truncation error is computed to establish that 
the model provides consistent PE solutions. Predictions are further compared with the results 
of other models to verify that the model provides an accurate treatment of the interface wave 
field. 
2. THEORETICAL BACKGROUND 
Underwater acoustic propagation within a homogeneous medium is governed by the wave 
equation 
{ v2 + b/45 Y, Z)12}P = 0, (1) 
where V2 is the Laplacian operator, p is the acoustic pressure, w is the radian frequency of 
the source, and c(x, y, z) is the sound speed which is generally a function of the spatial 
coordinates. Assuming a cylindrical symmetry in the ocean, i.e., that azimuthal variations are 
sufficiently weak that they may be ignored, (1) can be written in cylindrical coordinates as 
(2) 
In Eq. (2) k, is a reference wave number equal to w/co, where c, is a reference (or average) 
sound speed; n(r, z) is the index of refraction equal to q,/c(r, z), z is the depth, and r is the 
range variable. 
A range-independent problem is defined when the medium is uniformly stratified, i.e., when 
the index of refraction, density, and thickness of each layer are range invariant. Several 
effective methods [1] exist for obtaining solutions to the range-independent problem. 
Available numerical methods include mathematical models based on normal-mode theory, 
ray tracing, asymptotic expansions, the fast field solution, and others. 
If the ocean environment is not uniformly stratified or if the physical properties (density 
and index of refraction) of the media vary with range, the problem is range-dependent. In 
this case a great deal of effort is required to obtain solutions to the wave equation. We will 
use Tappert’s approach to simplify this problem by approximating the elliptic wave equation 
by a parabolic equation, which can be readily solved, thus obtaining an efficient means of 
handling complicated wave propagation problems in a range-dependent ocean environment. 
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In the ocean, the depth dependence of the pressure field usually varies slowly with range. 
We thus express p(v, z) as 
P(r, z> = u(r, z) u(r), (3) 
where u(r) is strongly dependent on range, and u(r, z) has only a weak range dependence. 
Substituting (3) into (2) the following equation is obtained: 
Using ki as a separation constant, (4) can be split into two equations, namely 
v,, + I v, + k; v = 0, 
r 
and 
u, + k&z2 - 1)~ = 0. 
(4) 
(9 
(6) 
The solution to (5) that satisfies the radiation condition is 
u(r) = Hf’(k,r) g (2/nk,r)“‘exp [i(k,r - rc/4)]. (7) 
For k,r ti 1, we use the asymptotic representation of the Hankel function in (7) to simplify 
the coefficient of u, in (6) obtaining 
u,, + u,= + 2ik,u, + ki(n2 - 1) = 0. (8) 
We assume that the major radial dependence of the acoustic field is described by (7), thus 
u(r, z) will vary slowly as a function of r on a wavelength scale, i.e., 1~~1 < lkouI, which implies 
that (u,,I 6 (2ik,u,l. With this assumption, the term u,, in (18) can be neglected, yielding 
ik,(n2 - 1) i 
24, = 
2 u + 2k, UZZ. 
(9) 
Equation (9) is the parabolic wave equation obtained by Tappert [2]. This equation describes 
the transmitted field for waves propagating at small angles with respect to the horizontal, and 
is hence applicable to underwater sound propagation in many ocean environments. In this 
paper, we develop a mathematical solution to the PE that accurately computes the wave field 
at interfaces. 
3. INTERFACE CONDITIONS 
We treat the general case in which interfaces between physically distinct media in the ocean 
are irregular, as shown in Fig. 1. In Fig. 1, zB indicates the interface depth, the density p of 
each medium is assumed constant, and the sound speed in each medium is a function of both 
range and depth. To develop systematic procedures for handling the irregular interface and 
to reduce mathematical difficulties in deriving the interface conditions, a piecewise linear 
segmentation is used to approximate the interface as shown in Fig. 2. We will, thus, obtain 
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MEDIUM 1 
Fig. 1. An irregular interface. 
Fig. 2. Linear approximation of irregular interfaces. 
results for segments of the interface having a constant slope; the horizontal interface is then 
contained as a special case. 
The pressure field in the ocean satisfies two conditions at an interface between two media. 
The first of these two conditions is the requirement that the pressure field be continuous at 
the interface: 
(10) 
The second interface condition is that the normal component of particle velocity be 
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continuous at the interface, or that 
33 ap, 
p2 an zg = p’ an _’ I I
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(11) 
where ajan indicates the outward normal derivative operator. For the sloping interface, as 
shown in Fig. 3, the normal derivative operator is given by 
a a a 
- =cosOZ -sine-. 
afl ar 
(12) 
If we now substitute (3) into (lo), we obtain the first interface condition for the parabolic 
wave equation 
udr, 4 = G-, A. (13) 
To obtain the second interface condition, we substitute (3) into (11) and use (3) and (12). The 
result is 
au, 
pz 
( 
aZu cos8 -20 sin9 
>I ZB 
- p2u, $ sin 8 
LB 
( 
au2 au2 
= PI zv cost9 -arv sin8 
>I 
- p,u, z sin 8 . 
ZB ZB 
(14) 
The two conditions given by (13) and (14) hold for an interface of arbitrary slope. For the 
special case of a horizontal interface, 8 = 0, (13) remains unchanged. Equation (14), however, 
MEDIUM 2 
Fig. 3. A sloping interface and outward normal derivative. 
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simplifies considerably reducing to 
(15) 
4. MATHEMATICAL FORMULATION OF THE WAVE FIELD ON THE INTERFACE 
To formulate finite-difference equations for the wave field on the interface, we will use a 
mesh having a uniform partition in the z direction with AZ = h. The range is partitioned in 
increments Ar = k, as is shown in Fig. 4. At each mesh point, superscripts are used to indicate 
the range level; subscripts indicate the depth level. The wave field at the point (nk, mh) is 
written as u; which also denotes the field on the interface. For economy in writting, we use 
the convention that if both the superscript and subscript are dropped, the field u means u;. 
We assume that z$ is known, and proceed to determine .;+i for every i and j such that 
the interface conditions (13) and (14) are satisfied. Let us first write (9) in a general form 
u, = 4ko, r, z)u + Wo, r, zk,, (16) 
and 
a(k,, r, z) = k ik,[n'(r, z) - 11, 
r r+Ar 
,n +l 
brn -WV 
Fig. 4. The downward sloping interface between two media. 
and 
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b(k,, r, z) = i/(2&). 
Medium 1 
In medium 1, the wave field must satisfy (16) i.e., 
(17) 
Using the first three terms of a Taylor series expansion for u,,_, upon u,, and solving for 
(z&, we find 
Substituting (18) into (17) and simplifying, we obtain 
(19) 
Medium 2 
Similarly, in medium 2, the wave field must satisfy (16) i.e., 
(u2>, = a2(h, r3 z)u2 + b2(h r, z)(u2>,,. (20) 
Using the first three terms of Taylor series expansion for u,, , upon u, and solving for (&, 
we find 
(%)zz = ; (C + I - 4 - ; (4,. (21) 
Substituting (21) into (20) and simplifying, we obtain 
In matching the conditions on the interface, it should be noted that whereas the wave field 
u is defined and continuous on the interface, the first derivative and all high-order derivatives 
of u with respect to z are discontinuous at the interface. Thus, in imposing the interface 
conditions, the limit of the derivatives as they approach the interface from above, or from 
below, is used. 
In view of the first interface condition, (13), we require that u, = u, = u in (19) and (22). 
Substituting the resulting expressions into the second interface condition, (14) then yields 
p2(u,), 
26 . 
cos 8 - h sin 8 
= (a,~, + Q,P,)U cos e + 
+ $ (p2 - p,) z (u), sin 8. (23) 
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For a horizontal interface, (u,), = (u,),, however, for the general case of an irregular 
interface, a second relationship between (u,), and (u,), is needed. To establish the required 
relationship, we use a Taylor series expansion of u;<‘, on U; in medium 1. 
(dil:‘, = f4 +h(u,),+k(u,),+~h2(u,);i+~k2(U,),,+. . . . (24) 
Similarly, for medium 2, we obtain 
wm + 1 - n+’ u2+h(Uz),+k(U2),+~h2(U2)_I+~k2(u*),+... . (25) 
For an arbitrary k, we take 
h = k tan 8. (26) 
The first interface condition, (13), implies (u,K!+‘, = (u,x:‘,. We thus equate the right hand 
sides of (24) and (25), and again make use of (13) to obtain 
64, + W, tan e = (u,>, +h21r tan 0. (27) 
Substituting (19) and (22) into (27), then yields the second relationship between (u,), and (u~)~, 
i.e. 
h . > ( h (u,), cos e + 2b sin e - (u,), cos e - 2b sin e 
=~(a,+a,)usinB+~[u,+,-2u+u”_,]. 
Equations (23) and (28) may be solved simultaneously, yielding 
. . 
(u,), = ulul+ B,G+ 1 - 0% + Y,h + Y,G- I 9 
and 
642)r = a2u2 + 
i 
B2G + I - (P2 + Y2b2 + Y2G - 1 
I 
7 
The coefficients in (29) are given by 
a, = A -, p,~, + a,(p, sin’ 8 + p2 cos2 e) + 4 U, sin 0 cos e(p, - p2) 
- 
( 
cos e - & sin e 
> 
F (p, - p2) % sin e , 
B, =A -$P,> 
y,=A-’ ~0s~ e + p, sin2 e) + k (p, - p2) sin 8 cos e . 
(28) 
(29) 
(30) 
(31) 
(32) 
(33) 
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Similarly, in (30) the coefficients are 
CQ = A - ’ pza, + a,@, co? 8 + p2 sin’ 0) + & a2 sin 8 cos 8(p, - p2) 
, 
(p, ~0s~ 8 + p2 sin* e) + k (p, - p2) sin e cos 8 II , 
y2=A-,;p,; 
481 
(34) 
(35) 
(36) 
where 
A =[(P,+PJ+(P,-PJ(&+T)sinUcos 0] 
We now proceed to incorporate the interface equations given by (29) and (30) into an 
implicit finite-difference (IFD) solution of the PE. As shown in Fig. 4, U: and u;:‘, satisfy 
irregular interface conditions. In expressing range partial derivatives at these two interface 
points, the points u;,, and u;” below and above the interface are needed to derive a 
finite-difference representation. In doing so, we consider the following: 
In medium 1: 
(U,)n,+ ’ = 
[ 
u, + w4h +; (4, + . . . 
1 
n 
> 
m 
and 
wa+l 
ar 
n 
(38) 
m 
Then, neglecting terms of third order and higher in (38) we have 
?I+, k a(~,), k au, k2a2U n ----= 
2 ar 2z++ 1 m 
Solving for (#(u,)$/I~?) in (39) and substituting the result into (37) yields 
(u,);+’ = (U,K + k 
2 
a(u,L + a(U,x+, - ~ 
& ar 1 
Similarly, in medium 2, we obtain 
(39) 
(40) 
(41) 
Equations (29) and (30) supply the finite difference equations for a(u,&/ar and a(u,X;,,/& 
that are needed in (40) and (41) respectively. In addition, we require a finite-difference 
representation of the range derivative of the field away from the interface. We use a second 
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order central difference operator for u,,. In medium 1, (u&+ ’ satisfies the parabolic wave 
equation, 
(42) 
Similarly, in medium 2, (uzK + , satisfies the parabolic equation 
w,x+, 
~ = (@7+,dI+, b 
& 
+j$~~+*-24+,+~nm)~ (43) 
We use (29) for (d’(u’)Zldr), and (42) for (a(u’):,“‘/dr) in (40), to obtain our IFD 
representation in medium 1: 
Substituting (30) for a(uz)k:‘, ldr, and (43) for @uz)Z+, ldr in (41), we obtain for medium 2 
1 - ; (a2 - P2 - 72) n+l u,+1 - ; k (yp”,+ ’ + B*4zf,‘2) 
={,+~((4):+l-~)}u:+,+~~(UR+U:_,). (45) 
5. LOCAL TRUNCATION ERROR 
To estimate the local truncation error, we will compare an exact solution of (9), subject 
to the interface conditions (13) and (14) to the finite-difference solutions described by (44) 
and (45). The exact solution for ~4;” can be represented by the Taylor series 
G,” = u + k(q), + ; k2(u,),, + (k3/3!)(u,),,, + . . . . (46) 
It is easily seen that the Taylor series expansion of (u”,+ I), is: 
ML+‘), =(4, + W,),, + ; k*(u,),,, +. . . . (47) 
Solving (47) for (u,),, and substituting the result into (46) yields 
1 
u;’ ’ = u + - k[(u,), + (u;+‘)J - (k3/12)(u,),,, + . . 
2 
(48) 
A similar result may be obtained for ukz’, 
g+l =p 
m + I ,,,+, +;k (u;+,)~+~ 1 -(k3/12)(u:,+,),,,+... (49) 
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Comparing (48) and (49) against (40) and (41) reveals two sources of error: the first is due 
to the truncation of the Taylor series in the range variable r, the second is due to the 
finite-difference approximations [(29), (30), and (44) (45)] used for the derivatives of the field 
with respect to range variable r. The latter error is the more difficult one to estimate. 
We return to (19) and (22), and retain additional terms in the Taylor series to obtain 
and 
Substituting (50) and (51) into (14) and applying the first interface condition, (13) we 
obtain 
+. . , (52) 
where R, is the right hand side of (23). Substituting (50) and (51) into (28) yields a second 
relationship between (u,), and (u,),, 
(53) 
where R, is the right hand side of (28). If we solve (52) and (53) for (u,), and (zA~)~, and compare 
the results with those given by (29) and (30), we find that the leading error terms in the 
finite-difference approximations for the range derivatives of the field are given by 
and 
Wu2)rl = A - ’ ; (4;:: ~2 - A ’ $ (u2Lzz 
h 
x (p, + p2) + (p, - p2) ~0s~ 8 - sin2 e + b sin e cos e II . (55) 
From (54) and (55), we see that for points on the interface, the leading error term for the 
range derivative of the field is of first order in the depth increment h. For all other points, 
the error in the derivatives of the field is second order in h. Using (54) and (55) in (48) and 
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(49), it may be readily determined that the leading terms in the truncation error are given 
by 
E[u ;+‘I = E[u&;‘,] = 0 (kh + k3), (56) 
for points on or adjacent to the interface. 
It is seen that from the truncation error estimate that lim,,,,, k -‘E(u)+O, thus establish- 
ing the consistency. Since this formulation is incorporated into the IFD model used to solve 
the parabolic equation (9), the stability relies on the stability of the IFD model which was 
addressed in [4]. 
6. MODEL VALIDITY 
The validity of this model is established in two ways. First, the interface wave field 
representation as expressed by (44) and (45) is shown to reduce to results previously obtained 
for a continuous medium, thus, confirming consistency with the model of [4]. Second, the 
model is shown to yield numerical results to a selected test problem that are in agreement 
with the known solution. 
A. Mathematical Validity 
The model developed in this paper is based on the parabolic equation, (9). For a 
continuous ocean medium (having a constant density and continuous sound velocity) the 
wave field u is assumed to satisfy (9) everywhere. Hence, the finite-difference representaion 
for U, on the interface must reduce to a finite-difference form of (9) for a continuous medium. 
Consider a horizontaIly stratified ocean as shown in Fig. 5. In medium 1, U, must satisfy 
(9) with a,&, r, z) = (%/2) (1 ,,/ i( c c r, z)]’ - 1} and an associated density p,. Similarly, in 
medium 2, u2 satisfies (9) with an associated sound speed c2 and density p2. At the interface, 
the range derivative of the wave field has the finite-difference representations given by (29) 
and (30) in midium 1 and medium 2, respectively. For a horizontal interface, 6’ = 0, and 
(u,), = (u,), = u, = (P, + &’ v (57) 
in agreement with the results obtained for a horizontal interface in [5]. For a continuous ocean 
U 
Fig. 5. The horizontal interface between two media. 
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medium, p, = pz and c, = c2 at the interface, (57) reduces to 
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u,=au +A[$+, 
h2 
- 2u; + u;- 11. (58) 
Regarding h -‘[u; + , - 2~; + u”, _ ,] as a central difference for u,,, (58) is a difference equation 
of (9) establishing the validity. 
B. Computational validity 
We consider the range-independent environment [5] shown in Fig. 6, for which the 
transmission loss may be readily computed using normal-mode theory. A source of 100 HZ 
frequency is placed at a depth of 30 m below the water surface; the receiver is at a depth of 
90 m. A single interface is present demarcating the boundary between water and sediment at 
a depth of 240 m. The density of the water is 1 .O g/cm3 and the density of the sediment is 
2.1 g/cm’. The sound-speed profile (Fig. 6) contains two linear segments in the upper water 
column and is constant at 1505 m/s in the sediment. 
A normal-mode model was used to calculate the transmission loss out to a maximum range 
of 20 km. This normal-mode model treats the lower medium as semi-infinite and treats the 
interface correctly. Hence, this normal-mode solution is used as a reference solution for 
comparison. To verify the importance of correctly modeling the wave field on the interface, 
the transmission loss was first calculated using the IFD model but neglecting the density 
discontinuity at the water-sediment interface. As is evident in Fig. 7, this computation 
displays poor agreement with the normal-mode solution. When, however, the interface 
conditions are incorporated into the IFD model, the resulting solution is in excellent 
agreement with the normal = mode result as shown in Fig. 7. 
SOUND SPEED (Miss 
600 
t 
Frequency = 100 Hz 
Source Depth = 30 m 
Receiver Depth = 90 m 
Fig. 6. Sound-speed profile. 
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Fig. 9. Range-dependent model comparisons. 
7. AN APPLICATON 
To illustrate the utility of this model, we consider acoustic propagation from deep to 
shallow water in a realistic ocean environment [6]. The environment, shown in Fig. 8, consists 
of two range-independent regions joined by a region in which the water depth and bottom 
properties change linearly with range. Medium 1 is water of density 1.0 g/cm3 and medium 
2 is a sediment having a density of 1.7 gmicm’. (The deeper sediment layers have no effect 
on acoustic propagation at the source frequency of 100 Hz.) For source and receiver depths 
of 50 and 73 m, respectively, a correct treatment of boundary interaction in the transmition 
region was found to be essential to predicting transmission losses in shallow water. 
This problem was treated comprehensively by McDaniel [7] using coupled-mode theory. 
We will, hence, employ the mode-coupling result as a reference solution. Using the IFD model 
with the interface wave field representation developed in this paper, transmission losses were 
computed to a maximum range of 25 km. In Fig. 9, the results obtained are shown to be in 
excellent agreement with the mode-coupling solution. 
CONCLUSIONS 
We have introduced a mathematical model based on the parabolic approximation to the 
acoustic wave equation that accurately treats the wave field at the interface between different 
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media. This model extends the applicability of the parabolic equation to ocean environments 
where strong interaction with the seabed occurs. This model may be used to treat the acoustic 
field, not only at the water-sediment interface, but also at interfaces between deeper 
sedimentary strata. 
A complete theoretic1 development of the interface model has been presented, including 
a mathematical verification of the consistency of the model. For additional verification, 
numerical solutions to two example cases were obtained and found to be in excellent 
agreement with results computed using the elliptic wave equation. The interface model not 
only provides accurate results, but is also reliable and easy to implement and use. Thus, we 
feel that, at the present time, this model is the only practical means for the computation of 
interface wave fields within the framework of the parabolic equation. 
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